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Background: The Question of Ergodicity

Let
X ={X, :n >0} be a Markov chain (MC), with

general state space X
transition kernel P(z, A) = Pr{X, € A|X,,_1 = x}

F Y — R be a real-valued functional
S, be the partial sums S, := Z?:_OI F(X;)

Questions
Is X ergodic?
How fast does it converge?
Does the law of large numbers hold?

How “big" a function F' can we take in the LLN?

Recall

As any kernel Q(az dy) acts of functions F': ¥ — R via
fF Q(x,dy)

we think of any such kernel as a linear operator




An Elegant Criterion

Define

The generator of X as L .= (P — 1)

Lyapunov condition (V3)

X satisfies condition (V3) with Lyapunov function V
if there exist functions VW : ¥ — [1,00) & § > 0 s.t.

LV (z) < —6W(z) (V3)

for “most” x € X

Consequences

If X is irreducible and aperiodic, (V3) implies
the existence of a unique invariant measure 7 s.t.

T(W) = deT(' < o0

Moreover, the Lyapunov function V'
quantifies the speed of convergence,
and W the size of functions for the LLN




Ergodic Results

For an irreducible, aperiodic Markov chain X
(V3) is essentially equivalent to the following

~» Convergence

nﬁ_’fl P"(x, A) — 7(A)| < (const)V(z)

~» Mean Ergodic Theorem

for all F's.t. |F| < (const)W/
and all Xo =z € X

LE,[S,] = 7(F) = [Fdr asn— oo (MET)

~» Moreover

AN

F(x) = 1171211 E.[S, — nr(F)]

~» Poisson Equation

the function F solves
LF =—[F —x(F) (PE)




Goals

Linear structure: (V3) and the above results
can be used as the basis for the ergodic theory of MCs

They are based on the semigroup of linear operators {P"}
P": F(x) — E,|[F(X,)]
and its generator £ := (P —I)

Here we consider: For a € C, the partial products

Goal: Provide optimal or near-optimal conditions for
multiplicative analogs of these ergodic results

Starting point: Consider the (nonlinear) operators
Qn : Flx) = log E,[e" ]
and the nonlinear generator

NI: (Ql—f)




A New Lyapunov Condition

Nonlinear generator

Since Q1F () = log E,[ef'™V)] = log[Pe!(z)]
we have

NE =[Q) — I|F =log(Pe") — F =log(e " Pe")

Recall (V3)

There exist V, W, and 0 > O:
LV (z) < —=0W(x) for "most” x € X (V3)

New Lyapunov condition

X satisfies condition (DV3) with Lyapunov function V
if there exist functions VW : ¥ — [1,00) & § > 0 s.t.

NV(z) < —0W(x) for “most” z € X (DV3)




The Nonlinear Generator in Cont’s Time

Analogously
Instead of the semigroup of linear operators {P'}

P': F(z) — E,[F(Xy)]
and its generator £ := “limy %[Pt — 1"
we consider the nonlinear operators {(Q);}
Q; : F(z) — log E,[eF )]
and their generator N := “limy o 1[Q; — I]”

Formally
Since Q;F = log(P'e!), we can calculate

[Q; — I|F = log(P'e") — F
log(e ¥ Ple!)
e Pl — 1

— ¢ Y[P' — I]e"

&

therefore,

TR E ]‘ I F'n
NF = ltliglt[QtF Fl=e¢"Le

and we define the nonlinear generator by

NF =e et




Multiplicative Ergodic Results

For an irreducible, aperiodic Markov chain X
(DV3) is essentially equivalent to the following
~> Exponential Convergence [‘easy’]

for some p > 1

il 0| P"(z, A) — w(A)| < (const)V ()

~» Multiplicative Mean Ergodic Theorem

for all F's.t. |F| < (const)W/
and all Xo =z € X

LlogE,[e”] = A(F) asn— oo (MMET)

~» Moreover

~

ef'@) = lim E, [eS”]fz_m\w)

~»> Multiplicative Poisson Equation

the function F solves

~

NF = —[F — A(F)] (MPE)




Probabilistic Results

The above convergence
E. [68”] e AE) _y oF (@) ()

gives very precise information about the asymptotics
of the moment generating fns m,(a) := E, [e*"]

i. Large Deviations

(%) leads to a full large deviations principle (LDP)
for the empirical measures of X in a topology that
includes unbounded functions F

ii. Exact Large Deviations

This LDP can be refined to an expansion
a la Bahadur-Rao
C(x)

n

P.A{S, > nc} ~ —nJ(c)

€

for ¢ > w(F)
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Basic Assumptions

Let
X ={X,} be a MC on the Polish state space (3, S)

P(JZ,A) = Px{Xl S A} = PI’{Xn S A‘Xn_l = JZ}
be its transition kernel

y-irreducibility and aperiodicity

Assume that there exists o-finite measure ¢ on (3, S)
such that Pz, A) >0 eventually
for any z € ¥ and any A € S with ¥(A) >0

X is multiplicatively regular
if there exists a Lyapunov function V : % — |1, 00)

and also W : ¥ — [1,00), 0 > 0, b < oo satisfying:
4 )

—oW on ('°
NV gﬁ > (DV3)
—O0W + b on C

for a “small” set

[ D nso€ "P'(z, A) > v(A) for some positive measure v, allz € C,all A€ S ]
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Summary of Assumptions

The following are assumed throughout
X is y-irreducible, aperiodic

X is multiplicatively regular with Lyapunov fn V/
and invariant measure 7

A strengthened (DV3):

(i. (DV3) holds with an unbounded W

(DV3+) ﬁ ii. For some T}, all r there is a measure (3,
Px{q)<T0) = A, TCy (r) > To} < BT(A)
for all z € Cy(r) :={W <r}, all A

\

Note

Part ii. of (DV3+) is a mild continuity assumption,
weaker than the Feller property but very important
(necessary?) for what follows
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Comments on Multiplicative Regularity

Strength

(DV3+) is weaker than:
Donsker-Varadhan conditions
Stroock’s ‘uniform’ assumption and its variants
Most (all?) common LDP assumptions

Appeal of (DV3)

Easily verifiable!
Leads to computable bounds in specific cases
Satisfied by many important examples
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Examples of (DV3+) Chains

1. Discrete-time Ornstein-Uhlenbeck process
Xp1—X,=-pX,+02,; Z,~1D N(0,1)
X satisfies all the above conditions with
1=Lebesgue measure on R
V(z) =1+ L
W(z) =1+ B*x?

2. More general discrete-time diffusions
For any ‘nice’ C* potential H : R — (0, 00)
Xo1—X,=—-H'(X,)+0Z,; Z,~IlID N(0,1)
X satisfies all the above conditions with
1=Lebesgue measure on R
V(r) =1+ 42
Wi(z) =1+ [H'())

3. Many hypoelliptic diffusions in R"
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Main Multiplicative Ergodicity Results

Theorem
Under (DV3+), for any F': ¥ — Rs.t. |F| < (const)IV:
i. The Multiplicative Poisson Equation

NF = —[F — A\(F)| (MPE)

has a “maximal” solution pair (F, A(F)), where

ii. A(F) is “analytic,” strictly convex
and for all z € X it satisfies the
Multiplicative Mean Ergodic Theorem

LlogE,le”] = A(F) asn— oo (MMET)

iii. [ satisfies, for some By < oo, by > 0,

E, [eaSn—nA(aF)} B e(&ﬁ)(gc) < V(x)|a| B, o —bon

uniformly over all x € X2, n > 1
and over o € C, F' in “short compacts”
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The Proof Setting

Consider

For an arbitrary ‘weighting’ function U : ¥ — [1, 00),

G(z)|
LV .— Y 3 Rs.t. = |
u {G = Rt [Glly=sw 7 <oo}

so that in the theorem we consider all ' € LY

Notation

Write || - ||, for the induced operator norm on LY:
For a linear operator Q on LY,

QG|
Q= swp L
GeLl, G#0 H ||L
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Proof Qutline

State the MPE as an eigenvalue problem
for the operators P, (z,dy) := e P(z,dy), F € LY
on an appropriate space LOUO

If a kernel P satisfies (DV3+), then it can be
approximated in LY -norm by a finite-rank operator

All of the operators P, can be similarly
approximated in norm

From 3. = each P, has discrete spectrum in LY

From 4. we obtain maximal solutions to the MPE
equipped with a spectral gap = i.

. a. Write the potential operator U, = [Iz — (P, —Ic® v)]™!

as an inverse, via Nummelin’s inversion formula

2= Q" =l = (@ —Te®w) (H 1_151[0@”)

b. Expand U, in a power series

c¢. Derive bounds on the norm of U, from the contraction ineq (DV3)

d. Interpreting the bounds = MMET
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1. The MEP as an Eigenvalue Problem

Expand the MPE:
NF = —[F — A(F)]
log(e_ﬁPeﬁ) = ANF)—F
e Fpef — AP F

~ ~

GFPGF _ GA(F)eF

Defining the new kernel P.(z,dy) = e" @ P(z,dy)

F
~» the eigenvalue equation PFeF — AMF)F
From now on
We consider the MPE in LY
>

w.r.t. the weighting function U = ¢
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2. (DV3+) ~ Finite-Rank Approximation

Assume for simplicity
>, = R" (and ¢ = Lebesgue measure)
(DV3+) holds with VW continuous
W unbounded w/ compact Cyy(r) = {z: W(z) <r}
P has ‘nice’ densities P(x,dy) = p(z,y)y(dy)

Then

We can approximate
P(z,dy) = p(z,y)(dy)
> silo)n(y) | w(dy)

1=1

&

k
= Z:ls,(a:)uz(dy) =: R(z,dy)
Moreover

a. R(z,dy):= Zle si(x)v;(dy) is a transition kernel

b. R~ P inthat [[P—R| <e

. supo [P R, <
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2. Cont’d: Interpretation of R

R(x,dy) = zk:lsz(a:)uz(dy)

The MCY ~ R(x,dy) is a finite-state HMM!

A. Define a finite-state MC Z = {Z,,}
on {1,2,... k} via

Pr{Z, = j|Z, 1 =i} = [s;dv,

Pr{Zo =j} = s;()

Yy =1z Y, Yo «ovenn Y, 1 Y,
B. From this, define a HMM Y ~ R on X via
}/07 . 7Yn—17 Z07 7Zn—1 ~ Vv,

Y, | Yy, .. y
Yo==x
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Rest of the Proof

3.

The continuity part of (DV3+)
PAP(To) € A, 1oy () > To} < Br(A)

guarantees the existence of densities for all P]Zb“
Similar arguments show that the P, can be also
approximated in norm by finite-rank operators

From 3. = each P, has discrete spectrum in L,

From 4. = maximal solutions to the MPE
equipped with a spectral gap

. From 5. = the precise MMET

E, [eaSn—nA(aF)} _6(&?)(93) < V<$>|(X|Boe—bon

via Perron-Frobenius arguments

and tools from potential theory
QED
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Probabilistic Results

e Under all the earlier assumptions, choose W, € LK
which grows to infinity slower than W

lim sup Wo(z)

=0
P00 oW (2)>r W(J?)

e On the space of all prob measures v on X
define the TWO—topoIogy by

vy — v iff  [Fdy, — [Fdv forall F € L'

Theorem: Large Deviations Principle

The empirical measures of X satisfy a large deviations
principle in the space of prob measures on Y equipped
with the TWO—topo.Iogy, and with respect to the good,
convex rate function

[(v) = inf H(u(dz, dy)||v(dz) P(z, dy))

where the infimum is over all bivariate measures 1 both of
whose marginals = v, and H = relative entropy
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Proof ldeas

Proof

Step 1. LDP:
The simple MMET

%log E. [esﬂ] — A(F)

combined with the smoothness of A(-) and the
Dawson-Gartner projective limit theorem give the LDP
with rate function

N(¢) = sup |(F,¢) — A(F)
FeLlo
on the space of all linear functionals ¢ on Lffgo

Step 2. Restrict to prob measures:
Use finiteness and continuity

Step 3. Entropy:
|dentify the rate function in terms of entropy, by passing
to the bivariate chain, and a lot of hard work... N

23



Exact Large Deviations Asymptotics

Still under the same assumptions, the partial sums
Sy = Z?:_Ol F(X;) of any F € L0 satisfy:

Theorem: Exact Large Deviations

If ' € LY is non-lattice,
for all ¢ > w(F), all z € ¥

b (5 \ elaf)(x) 7(e)
w00 = Nef o~ e "
aV2mno?
where a is chosen s.t. LA(aF) = ¢, o?:= %A(CLF)
and J(c) =inf{I(v) : v(F) > c}

[A corresponding result holds for the lower tail]

Notes

Dependence on initial condition z N
is only via the solution to the MPE (aF')(z)

An analogous expansion exists for lattice functions F

Proof.:
Change of measure: e M= @)@l (@) p (g dyy)elF)W)
+ Edgeworth expansion in the exponent! O
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An Interesting Phenomenon

Example

Consider the following discrete-time
Ornstein-Uhlenbeck process in R?

XnH:( oo )Xn+(ZO ) Z, ~ 11D N(0,1)
n+1

—ay —aq

For appropriate aq, as, this MC satisfies (DV3+)
with Lyapunov function

Viz)=1+a2'Mz and W=V

for some positive definite matrix M

Consider the function

()

2l
~» although F' has full support:
m{F > c} >0 forall c

~» for ¢ > 1, Pr{S,, > nc} decays super-exponentially fast:
J(c) = oo for ¢ > 1
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Example Details

Let

A:[o 1]
—a9 —aj

and assume that the roots of the quadratic equation
22 4+ a1z + as = 0 lie within the open unit disk in C

Note that there exist v < 1 and a positive definite
matrix N satisfying

ATNA <~I

E.g., take
N — Z’Y_k<Ak>TAk

k=0
with v < 1 chosen so that the sum is convergent

Then, take M = eN for € small enough
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Conclusions

1. So Far

Under (DV3+), a near-complete picture of:

Multiplicative ergodic theory
Large deviations asymptotics
Structure theory:
Multiplicative regularity < discrete spectrum
& full multiplicative mean ergodic theorem

Intuitively:
X is a finite-state MC in disguise < (DV3+)

. Extensions

Continuous time

Random matrices

3. Current Work /Applications

Stability of linear systems: e.g., LMS algorithm
Time-varying CDMA networks
Metastability in physical models

Nonlinear dynamical systems
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